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ABSTRACT
Even though the observed spectra for GRB prompt emission is well constrained,
no single radiation mechanism can robustly explain its distinct non-thermal nature.
Here we explore the radiation mechanism with the photospheric emission model using
our Monte Carlo Radiative Transfer (MCRaT) code. We study the sub-photospheric
Comptonization of fast cooled synchrotron photons while the Maxwellian electrons
and mono-energetic protons are accelerated to relativistic energies by repeated dissi-
pation events. Unlike previous simulations, we implement a realistic photon to electron
number ratio Nγ/Ne ∼ 105 consistent with the observed radiative efficiency of a few
percent. We show that it is necessary to have a critical number of episodic energy
injection events Nrh,cr ∼ few 10s − 100 in the jet in addition to the electron-proton
Coulomb coupling in order to inject sufficient energy Einj,cr ∼ 2500− 4000 mec2 per
electron and produce an output photon spectrum consistent with observations. The
observed GRB spectrum can be generated when the electrons are repeatedly acceler-
ated to highly relativistic energies γe,in ∼ few 10s − 100 in a jet with bulk Lorentz
factor Γ ∼ 30 − 100, starting out from moderate optical depths τin ∼ 20 − 40. The
shape of the photon spectrum is independent of the initial photon energy distribu-
tion and baryonic energy content of the jet and hence independent of the emission
mechanism, as expected for photospheric emission.
Key words: gamma-ray burst: general - methods: numerical - radiation mechanisms:
thermal - radiative transfer - scattering
1 INTRODUCTION
The radiation mechanism responsible for long-duration
Gamma-Ray Burst (GRB) prompt emission has remained
elusive ever since their discovery five decades ago. The ob-
served spectrum has a distinctly non-thermal shape and is
often modelled using the Band function with a smoothly
connected broken power-law shape (Band et al. 1993).
While the observed peak photon energy is at Epeak ∼ 300
keV, the low/high energy spectrum is given by the power-
law fν ∝ ν0/fν ∝ ν−1.2 (Preece et al. 2000; Kaneko et
al. 2006, 2008). A robust radiation mechanism should ex-
plain all these features of the prompt emission spectrum in a
self-consistent manner. Synchrotron and photospheric mod-
els are the two most widely studied models to this end (see
Piran 2004; Kumar & Zhang 2015 for detailed reviews).
In the synchrotron model, electrons accelerated to rela-
tivistic energies either by internal shocks (Rees & Meszaros
? E-mail: mukul.b@utexas.edu (MB)
† pk@astro.as.utexas.edu
1994) or magnetic reconnection (Giannios 2006) pro-
duce the prompt radiation via synchrotron emission pro-
cess (Meszaros et al. 1994; Piran 1999). While this model
accounts for the broad non-thermal nature of the prompt
spectrum, it cannot explain the high radiation efficiencies
confirmed by observations (Zhang et al. 2007). Another
shortcoming of this model is that the observed low-energy
hard spectrum cannot be accounted for by the synchrotron
emission process (Preece et al. 1998; Ghirlanda et al. 2003).
However, Uhm & Zhang (2014) and Geng et al. (2018) have
recently shown that the hardening of the low-energy GRB
prompt emission spectrum can possibly be explained with a
gradually decreasing magnetic field strength in the emission
region.
These difficulties with the synchrotron model have led
researchers to consider photospheric emission model in more
detail (Meszaros & Rees 2000; Rees & Meszaros 2005;
Chhotray & Lazzati 2015; Bhattacharya et al. 2018). The
photospheric model naturally explains the high radiation ef-
ficiencies for prompt emission without assuming any specific
dissipation mechanism. Furthermore, the observed spectrum
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is completely determined by the electron-photon interaction
in the jet irrespective of the dissipation mechanism involved.
While the high-energy non-thermal behaviour has been suc-
cessfully explained by sub-photospheric dissipation (Gian-
nios 2006; Lazzati & Begelman 2010; Vurm et al. 2011;
Chhotray & Lazzati 2015; Bhattacharya et al. 2018), repro-
ducing the low-energy non-thermal tails has turned out to
be really challenging (Lazzati & Begelman 2010; Chhotray
& Lazzati 2015; Bhattacharya et al. 2018).
In this paper, we study the photospheric emission model
in further detail to find the plausible conditions under which
both the low/high-energy non-thermal behaviour and the
observed peak energy can be explained self-consistently.
We consider a radiation-matter coupling via Comptoniza-
tion i.e. photons undergoing multiple scatterings with elec-
trons accelerated below the photosphere. Repeated dissipa-
tion events such as internal shocks (Rees & Meszaros 1994;
Lazzati & Begelman 2010; Toma et al. 2011) or magnetic re-
connection (Thompson 1994; Giannios 2006) accelerate the
electrons and protons in the jet to relativistic energies as the
outflow expands outwards. These highly energetic electrons
then cool rapidly to generate photons with a fast-cooled syn-
chrotron spectrum with a characteristic broken power-law
shape (Ghisellini et al. 2000; Granot et al. 2000; Piran
2004). In this work, we define sub-photospheric events as
the physical processes such as episodic dissipation, Coulomb
collisions and Comptonization which occur below the pho-
tospheric radius of the relativistic outflow and at moderate
optical depths τ ∼ few − 10s. Unlike previous studies, pho-
tons in our work initially do not have a thermal distribution
as they do not undergo sufficiently many scatterings after
being produced at relatively moderate τ . 50 (Begue et al.
2013).
The bulk of the jet energy is contained as the kinetic
energy of the protons with the average energy of the pho-
tons being much smaller compared to that of the elec-
trons, thereby enabling significant energy transfer to the
photons. In addition to the sub-photospheric episodic dis-
sipation events, electrons are also accelerated continuously
by the protons via Coulomb collisions (Bhattacharya et al.
2018). While the outflow is optically thick, the photons con-
tinue to scatter electrons and gain energy until either the
average photon energy matches that of the electrons or the
outflow becomes optically thin so that the photons escape
the photosphere. The photon spectrum can get significantly
broadened due to both Comptonization with energetic elec-
trons and geometrical effects (Begue et al. 2013; Lundman
et al. 2013; Bhattacharya et al. 2018). The shape of the
photon spectrum changes considerably with the photon to
electron number ratio Nγ/Ne as well (Bhattacharya et al.
2018). For typical values of jet bulk Lorentz factor Γ and
photon peak energy Epeak, Nγ/Ne ∼ 105 for radiation effi-
ciency η ∼ 10% as confirmed by observations.
In this work, we present results of MCRaT simulations
performed with realistic Nγ/Ne values (see, Bhattacharya et
al. 2018, for details on the code implementation). The ini-
tial distributions for the electrons, protons and photons are
taken to be Maxwellian, mono-energetic and broken power-
law, respectively. We determine a correlation between the
number of reheating events Nrh and the initial optical depth
τin and perform an exhaustive parameter space search in or-
der to obtain a Band-like observed spectrum. We also per-
form analytical calculations to examine the evolution of pho-
ton energy spectrum with multiple scatterings and validate
the MCRaT simulation results.
This paper is organized as follows. In Section 2, we es-
timate the electron energy required to produce a photon
spectrum with peak energy consistent with observations and
argue that continuous electron heating via electron-proton
Coulomb collisions is insufficient for maintaining electrons
at this energy. In Section 3, we evaluate the electron en-
ergy by including the effect of adiabatic energy loss and
show that the number of sub-photospheric dissipation events
needed to keep electrons sufficiently hot is closely related to
the optical depth where the particles and photons are in-
jected into the jet to start interacting. In Section 4, we de-
scribe the basic implementation of our photospheric MCRaT
code in addition to briefly discussing the relevant physics in-
volved. We present the MCRaT simulation results in Section
5 and explore the parametric space in detail to constrain the
GRB prompt emission parameters. In Section 6, we analyt-
ically compute the scattered photon spectrum by assum-
ing Comptonization as the dominant process and further
show that the output photon spectrum becomes increas-
ingly non-thermal over repeated scatterings to resemble the
observed spectrum. Finally, we discuss the interpretation of
the simulation results and present our conclusions in Section
7. Throughout this paper, we use primed/unprimed coordi-
nates for jet-comoving/lab frame quantities.
2 PHOTON ENERGY REQUIREMENT
In this section, we first estimate the average energy Eγ,avg
that the photons in the outflow need to have in order to pro-
duce a Band-like output spectrum. Since, most of this energy
is transferred by the hot electrons via Comptonization, the
electrons need to have certain threshold energy γe,crit that
we then compute. The electrons can be maintained at this
critical energy either by Coulomb collisions with protons or
repeated dissipation events that occur while the outflow ex-
pands. We argue here that the electron-proton Coulomb cou-
pling alone is not sufficient for supplying the bulk of the en-
ergy to the photons and sub-photospheric dissipation events
are necessary to obtain Band-like GRB prompt spectrum.
2.1 Analytical estimate for Eγ,avg and γe,crit
The observed photon spectrum has a Band-like shape with
a low/high-energy dependence, fν ∝ ν0/ν−1.2 in the energy
range ∼ 10 keV− 300 keV/∼ 300 keV− 10 MeV (Preece et
al. 2000; Kaneko et al. 2006), where fν denotes the photon
flux per unit frequency. The average observed energy of each
photon in the lab frame is then
Eobsγ,avg =
∫ 300 keV
10 keV
fν dν
/∫ 300 keV
10 keV
(fν/ν) dν ∼ 100 keV.
(1)
In the jet-comoving frame (for jet bulk Lorentz factor Γ =
300), E′γ,avg = 0.33 keV. We can now estimate how energetic
the electrons have to be in order to deposit sufficient energy
∼ NγEobsγ,avg into photons after multiple scatterings.
Assuming that the electron-positron pair processes can
be ignored and with Nγ = 2 × 107, Ne = Np = 2 × 102
MNRAS 000, 1–17 (2019)
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throughout, in the jet-comoving frame
Total energy content of photons = energy that the energetic
electrons deposit into the photons via Comptonization
NγE
′
γ,avg = Ne(γe,crit − 1)mec2
(
τint
′
dyn/t
′
IC
)
, (2)
where τin is the initial optical depth, t
′
dyn/IC is
the dynamical/inverse-Compton (IC) timescale and
τint
′
dyn/t
′
IC ∼ number of times the electrons interact with
photons during jet expansion. Here we assume that γe,crit
and t′IC do not vary significantly during jet expansion, that
is the electrons remain in (approximate) equilibrium. The
characteristic dynamical and IC timescales are given by
t′dyn =
Rin
Γc
=
LσT
8pimpc4βΓ4τin
, (3)
t′IC =
3(γe − 1)mec
4U ′γσT γ2eβ2e
=
3pi(γe − 1)mec2R2Γ2
σT γ2eβ2eLγ
, (4)
where Rin is the photon injection radius, L is the isotropic
equivalent jet luminosity, σT is the Thomson cross section,
β =
√
1− Γ−2 ∼ 1, U ′γ is the radiation energy density and
Lγ is the photon luminosity. Substituting typical GRB pa-
rameters: L = 1052 erg/s, Γ = 300, Lγ = 3.2 × 1050 erg/s
and R ∼ Rinτin = LσT8pimpc3Γ3 = 2.17 × 10
11 cm, gives
γe,crit = 1.352. Here we have assumed that the initial energy
of the photons is negligible in comparison to the observed
energy and that IC is the dominant process for electron to
photon energy transfer. This is a reasonable assumption con-
sidering the fact that the adiabatic cooling timescale for pho-
tons ∼ t′dyn is significantly larger than the IC timescale tIC
for typical GRB parameters.
We will now examine whether the electrons can be
maintained at an energy γe,crit = 1.352 by Coulomb col-
lisions with the protons. For this we introduce an efficiency
factor η for the electron-proton Coulomb interaction and
also consider the situation when η > 1 due to possible
plasma instability mechanisms (Begelman & Chiueh 1988).
These mechanisms have already been discussed previously
in the literature in the context of single-temperature hot
accretion flows (Yuan et al. 2006; Yuan & Narayan 2014).
2.2 How large should η be and how fast do the
protons cool?
Here we estimate the value of the super-Coulomb efficiency
parameter η such that γe ∼ 1.352. Assuming equilibrium
between electron heating (Coulomb) and cooling (IC) pro-
cesses over the jet expansion timescale,
Timescale in which electrons get heated by protons (tCoul)
= timescale in which electrons get cooled by photons (tIC)
(γe − 1)mec2
5× 10−19n′e .
(8.3× 10−15T ′3/2e + β3p)
β2p
.
1
η
=
3
4
(γe − 1)mec
U ′γσT γ2eβ2e
,
(5)
where electron density n′e = L/(4piR
2mpc
3Γ2) = 4.17 ×
1015 cm−3, radiation energy density U ′γ = Lγ/(4piR
2Γ2c) =
2 × 1011 erg/cm3 and T ′e = 1kB (γe,ad − 1)(γe − 1)mec
2 =
1.98 × 109 (γe − 1/γe) is the electron temperature for a
Maxwellian distribution. Here, γe,ad = (4γe + 1)/(3γe) is
the adiabatic index of the electrons and βp is the speed of
protons divided by the speed of light. We can then rewrite
equation (5) as
η = 2.55(γ2e − 1)
[
0.73(γe−1/γe)3/2+β3p
β2p
]
.
Substituting γp ∼ 1.123 for τin = 8 (Bhattacharya et al.
2018), and γe = γe,crit = 1.352, we get η = 4.5.
We will now check whether super-Coulomb efficiency
parameter η ∼ 4.5 is physical. The electrons cannot be con-
tinuously heated by Coulomb collisions if the protons cool
down to energies comparable to that of electrons within time
t′ ∼ t′dyn.
While the protons cool down due to Coulomb collisions
and adiabatic expansion, the electrons gain energy through
Coulomb and get cooled due to adiabatic cooling and IC.
The electrons cannot be heated any further when,
Total proton energy (Ep,tot) - proton energy loss due to
Coulomb (∆Ep,Coul) - proton energy loss due to adiabatic
expansion (∆Ep,ad) = Total electron energy (Ee,tot) + elec-
tron energy gain due to Coulomb (∆Ee,Coul) - electron en-
ergy loss due to adiabatic expansion (∆Ee,ad) - electron en-
ergy loss due to IC (∆Ee,IC),
Np(γp − 1)mpc2 −Np
∫ t′
0
5× 10−19n′eβ2p
[0.73(γe − 1/γe)3/2 + β3p ]ηdt
′
−Np
∫ t′
0
(γp − 1)mpc2
R/Γc
dt′ =
Ne(γe − 1)mec2 +Ne
∫ t′
0
5× 10−19n′eβ2p
[0.73(γe − 1/γe)3/2 + β3p ]ηdt
′
−Ne
∫ t′
0
(γe − 1)mec2
R/Γc
dt′ −Ne
∫ t′
0
(4/3)U ′γσT (γ
2
e − 1)cdt′. (6)
As the jet is charge neutral Ne = Np and substituting t
′ =
λt′dyn gives,
[(γp − 1)mpc2 − (γe − 1)mec2]−[∫ λt′dyn
0
(γp − 1)mpc2
R/Γc
dt′ −
∫ λt′dyn
0
(γe − 1)mec2
R/Γc
dt′
]
+
∫ λt′dyn
0
(4/3)U ′γσT (γ
2
e − 1)cdt′
=
∫ λt′dyn
0
10−18n′eβ
2
p
[0.73(γe − 1/γe)3/2 + β3p ]ηdt
′. (7)
We convert the t′-integral into an R-integral with boundary
conditions: R = Rin at t
′ = 0 and R = Rph = τinRin at
t′ = τint′dyn, which gives R = Rin + βcΓt
′. Here R = Rph
is the radial distance in the lab frame at which the photons
escape the photosphere. After NComp scatterings, electron
energy reduces to γe ∼ 1 + 1/(8τin) and proton energy γp ∼
γp,in ∼ 2 (Santana et al. 2016). Substituting these values
in equation (7) and further simplification gives
(1− lnλ)
(
1.5× 10−3 − 1.02×10−7
τin
)
− ∫ λRin
Rin
6.97×106
τin
dR
R2
=∫ λRin
Rin
1.65×107η
[(0.09/τ1.5)+0.66]
dR
R2
.
As τ & 1 and Rph = Rinτin = 2.17× 1011 cm,
1.5× 10−3(1− lnλ) + 3.21× 10−5(1− 1/λ)
= 1.15× 10−4η(1− 1/λ)τin. (8)
For λ ∼ 2 i.e. for protons to cool down to electron energies
in t′ = 2t′dyn, ητin ∼ 8.28. This means that for τin & 10, the
protons cool down too fast and super-Coulomb interaction
MNRAS 000, 1–17 (2019)
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Table 1. γe and Einj/mec
2 = (γe,in − 1)Nrh for different values of τin, with adiabatic cooling
γe ∼
√
1 + 1.2 τ
1/3
in , Lγ = 10
50 erg/s, η(τin) ∼ 1 γe ∼
√
1 + 0.12 τ
1/3
in , Lγ = 10
51 erg/s, η(τin) ∼ 1
τin = 10, γe ∼ 1.893 =⇒ (γe,in − 1)Nrh ∼ 23.175 τin = 10, γe ∼ 1.12 =⇒ (γe,in − 1)Nrh < 0
τin = 20, γe ∼ 2.063 =⇒ (γe,in − 1)Nrh ∼ 61.525 τin = 20, γe ∼ 1.15 =⇒ (γe,in − 1)Nrh < 0
τin = 30, γe ∼ 2.175 =⇒ (γe,in − 1)Nrh ∼ 112.757 τin = 30, γe ∼ 1.17 =⇒ (γe,in − 1)Nrh ∼ 11.230
τin = 50, γe ∼ 2.328 =⇒ (γe,in − 1)Nrh ∼ 247.212 τin = 40, γe ∼ 1.19 =⇒ (γe,in − 1)Nrh ∼ 36.013
τin = 75, γe ∼ 2.462 =⇒ (γe,in − 1)Nrh ∼ 464.382 τin = 50, γe ∼ 1.20 =⇒ (γe,in − 1)Nrh ∼ 72.116
τin = 100, γe ∼ 2.563 =⇒ (γe,in − 1)Nrh ∼ 727.272 τin = 100, γe ∼ 1.25 =⇒ (γe,in − 1)Nrh ∼ 115.642
cannot keep the electrons hot beyond t′ = 2t′dyn. As a re-
sult, the photons will not be up-scattered to larger energies
and the output spectrum will not have a high-energy non-
thermal power-law tail as seen in the observed Band spec-
trum. This necessitates the heating of electrons by some al-
ternate sub-photospheric dissipation mechanism such as in-
ternal shocks (Rees & Meszaros 1994; Lazzati & Begelman
2010) or magnetic reconnection events (Giannios 2006).
Even though the electrons tend to cool down rapidly due
to Comptonization, their energy can still be maintained at
γe & γe,crit provided the episodic heating events are fre-
quent.
3 ELECTRON HEATING BY REPEATED
SUB-PHOTOSPHERIC DISSIPATION
EVENTS
In this section, we compute the threshold electron energy
γe,crit in a more exact manner by including the effect of
photon and electron cooling due to adiabatic expansion of
the outflow. As the electrons are maintained at γe ∼ γe,crit
by energy gain from either Coulomb collisions or repeated
dissipation events and subsequent cooling due to IC, we
can further constrain the injected energy and the number
of episodic dissipation events required for the output pho-
ton spectrum to have a Band-like shape. As earlier, it is
reasonable to estimate the electron energy assuming IC is
the dominant cooling process as tIC  tdyn.
3.1 Electron energy in terms of Lγ and τin
The threshold electron energy γe,crit (discussed in Section
2.1) can now be obtained but in a more self-consistent man-
ner by accounting for the energy loss of the photons due to
adiabatic cooling. The photon energy reduces due to adia-
batic loss by the factor (Rph/Rin)
−2/3 ∼ τ−2/3in until they
escape the photosphere (see Section 4).
Total energy gained by the photons = total energy transferred
by the electrons through Comptonization
Nγτ
2/3
in
(
E′γ,avg,obs − E′γ,avg,i
)
= Ne
∫ τint′dyn
0
(4/3)U ′γτ
−2/3
in σT γ
2
eβ
2
ec dt
′.
Rewriting as an R-integral with R = Rin +βcΓt
′ and using,
E′γ,avg,i  E′γ,avg,obs and Lγ/L ∼ Eγ/E ∼ 3.2× 10−2,
105τ
2/3
in E
′
γ,avg,obs = 8.72× 106Lγ,50τ−2/3in
∫ τinRin
Rin
(γ2e − 1)dR
R2
∼ 8.72× 10
6Lγ,50τ
−2/3
in (γ
2
e − 1)
Rin
.
Substituting Rin ∼ 2.17× 1011 τ−1in cm yields
γe,crit ∼
√
1 + 1.2 L−1γ,50 τ
1/3
in . (9)
The critical electron energy obtained here is similar to
γe,crit ∼ 1.352 obtained in Section 2.1 for small initial op-
tical depths τin ∼ 1. However, the value of γe,crit obtained
from equation (9) can be considerably larger when τin & 10
as shown in Table 1, especially for smaller Lγ .
3.2 The Einj − τin correlation
Electron-photon collisions by themselves cannot inject sig-
nificant amount of energy into the electrons and keep them
sufficiently hot such that the scattered photons have a Band-
like output spectrum. The electrons need to be heated ad-
ditionally by some alternate dissipation mechanism which
can transfer considerable amount of energy to them. Here
we consider repeated sub-photospheric dissipation events
that can re-accelerate the electrons as well as protons to
their initial energies. We constrain the energy injected per
electron Einj = Nrh(γe,in − 1)mec2, using the fact that
the electrons remain in equilibrium with energy γe,crit ∼√
1 + 1.2 L−1γ,50 τ
1/3
in , from these heating episodes and sub-
sequent cooling due to IC and adiabatic expansion.
Equilibrium energy of the electrons (Ee,crit) = energy
gained by Coulomb collisions and repeated dissipation events
(∆Ee,Coul + ∆Ee,rh) - energy lost due to IC and adiabatic
cooling (∆Ee,IC + ∆Ee,ad)
Neτ
4/3
in (γe − 1)mec2 = Ne
∫ τint′dyn
0
5× 10−19n′eβ2pτ−4/3in
[0.73(γe − 1/γe)3/2 + β3p ]dt
′
+NeNrh(γe,in − 1)mec2 −Ne
∫ τint′dyn
0
(4/3)U ′γτ
−2/3
in σT γ
2
eβ
2
ec dt
′, (10)
where γe ≈ γe,crit and τ−4/3in /τ−2/3in is the adiabatic cool-
ing factor for relativistic electrons/photons (see Section 4
for more details). Here we consider the episodic dissipa-
MNRAS 000, 1–17 (2019)
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tion events to be equally spaced over the jet expansion
timescale τint
′
dyn and to supply fixed energy (equal to ini-
tial energy, γe,in/γp,in) to the electrons/protons at each in-
stance. Although the seed photons in our system are gen-
erated from the synchrotron emission of fast cooled elec-
trons at τin & 100 (see equation 12), the associated syn-
chrotron energy loss rate for these electrons can be effec-
tively ignored in comparison to the IC cooling rate in equa-
tion (10) as the synchrotron power Psyn = (U
′
B/U
′
γ)PIC is
significantly smaller compared to the IC cooling rate PIC for
τin ∼ few− 10s due to the rapidly decreasing field strength.
The average electron energy does not change apprecia-
bly with scatterings when γe ∼ 1 + 1/(8τin) after NComp
scatterings as the IC and Coulomb interaction timescales are
similar. For protons with initial energy γp,in ∼ 2 and cooling
adiabatically, γp ∼ 1 + 1/τin i.e., β2p = 1− (1 + 1/τin)−2 ≈
2/τin. Substituting n
′
e, β
2
p , U
′
γ and rewriting equation (10)
as an integral over R,
τ
4/3
in (γe − 1)mec2 =
1.09× 107 × (2/τin)τ−4/3in
[0.73(γe − 1/γe)3/2 + (2/τin)3/2]
∫ τinRin
Rin
dR
R2
+Nrh(γe,in − 1)mec2 − 6.97× 10
6τ
−2/3
in
τin
∫ τinRin
Rin
dR
R2
.
Further simplification and substituting Rin = 2.17 ×
1011 τ−1in cm yields
τ
4/3
in (γe − 1)mec2 =
10−4τ−4/3in
[0.73(γe − 1/γe)3/2 + (2/τin)3/2]
+Einj,cr(τin)− 3.21× 10−5τ−2/3in , (11)
which constrains the critical injected energy Einj,cr(τin) =
Nrh(γe,in − 1)mec2 per electron in terms of τin. It should
be noted that equation (11) is only a necessary and not
sufficient condition to obtain Band-like photon spectrum as
it determines the average photon energy but does not im-
pose any constraints on the general shape of the photon
spectrum. There exists a critical balance between the in-
jected energy Einj,cr and the initial optical depth of the out-
flow τin: for large Einj , the photon peak energy Eγ,peak 
Eγ,obs ∼ 300 keV while Eγ,peak  Eγ,obs for large τin, due
to significant energy loss from adiabatic cooling. It should
be noted that n′e ≈ 1016 cm−3 and R ≈ 1011 cm implies
that the total injected energy Einj,tot = NeEinj,cr can be
significantly larger for a typical GRB fireball as the electron
number Ne ≈ Np ∼ 1050−51.
4 PHOTOSPHERIC CODE DESCRIPTION
In this section, we describe the basic structure of our
MCRaT code and the associated physics. We list the jet
parameters along with the initial position, energy and ve-
locity distributions of the particles (electrons and protons)
and the photons. We then discuss how the particles and
photons in the jet are affected by the physical processes
such as adiabatic cooling, Coulomb, IC and pair produc-
tion/annihilation. Next, we briefly describe the algorithm of
our photospheric MCRaT code.
4.1 Jet parameters
The jet parameters used as input for the MCRaT code are:
• Isotropic equivalent luminosity of the outflow, L: The
bulk of the jet luminosity is contributed by the protons as
they have most of the jet kinetic energy. We consider L =
1051, 1052 erg/s (Liang et al. 2007; Wanderman & Piran
2010).
• Jet bulk Lorentz factor, Γ: The bulk Lorentz factor is
related to L and the peak photon energy Eγ,peak. We con-
sider Γ = 30, 100, 300 in this work (Xue et al. 2009; Liang
et al. 2010). For small Γ . 30, the outflow might not pro-
duce a GRB successfully and rather show up as a X-ray rich
GRB or a X-ray flash with a different spectrum (Huang et
al. 2002).
• Initial optical depth, τin: The optical depth τ is mea-
sured in relation to R = LσT /(8pimpc
3βΓ3τ) which is the
radial distance of a photon from the central engine in the
observer frame. τin corresponds to the radial distance from
the central engine where all the particles and photons are
injected and τ = 1 denotes the photospheric radius where
all the photons escape. Here we consider τin = 10, 20, 40.
4.2 Particles and their distributions
Now we describe the initial energy and velocity distributions
of the electrons, protons and photons in the jet.
• Electrons and protons: We consider a charge-neutral jet
with particle number Ne = Np = 2 × 102 (Chhotray &
Lazzati 2015; Bhattacharya et al. 2018). We show that
2 × 102 electrons are sufficient in order to represent the
outflow. The initial velocities of all the electrons and pro-
tons are distributed randomly in the jet-comoving frame
(see Appendix B1 of Santana et al. 2016). All the par-
ticles are uniformly distributed in the jet-comoving frame
at initial time t = 0. The initial energy of the electrons
are determined from the Maxwellian distribution with tem-
perature kBT
′
e,in = (γe,ad,in − 1)(γe,in − 1)mec2 while the
protons are mono-energetic with γp = γp,in. We consider
γe,in = 2, 10, 30, 100 and γp,in = 1.01, 1.1 for our simula-
tions.
• Photons: In order to maintain Nγ/Ne = 105, we con-
sider Nγ = 2× 107 for our simulations (Bhattacharya et al.
2018). The initial velocities of the photons are randomly
distributed in the comoving frame of the jet and the photon
positions are uniformly distributed within a cone with solid
angle 1/Γ in the direction of the observer. The initial photon
energy distribution is given by the synchrotron distribution
for fast cooling electrons (Granot et al. 2000; Piran 2004)
fν =

(
νac
νsa
)11/8 (
ν
νac
)2
, νmin < ν < νac(
ν
νsa
)11/8
, νac < ν < νsa(
ν
νsa
)−1/2
, νsa < ν < νm(
νm
νsa
)−1/2 (
ν
νm
)−p/2
, νm < ν < νmax
(12)
where fν is the peak normalised photon flux per unit fre-
quency and p = 2.5 is the spectral index at high energies
(Kumar & Zhang 2015).
For typical GRB parameters: B = 0.1, e = 0.1, num-
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ber of peaks in the burst NGRB = 10
2 and duration of the
burst TGRB = 10 s (see, Granot et al. 2000), we have
E′γ,peak = hν
′
sa = 2 eV, hν
′
min = 1.5 × 10−9 E′γ,peak,
hν′ac = 10
−2 E′γ,peak, hν
′
m = 500 E
′
γ,peak and hν
′
max =
1.5× 104 E′γ,peak.
4.3 Physical processes in the outflow
Here we discuss the interactions between the electrons, pro-
tons and photons which can further affect the output pho-
ton spectrum. The physics of the relativistic outflow can be
broadly decoupled into four categories:
• Adiabatic cooling: As the relativistic jet expands out-
ward, the energies of the electrons, protons and photons re-
duce considerably due to adiabatic cooling. The energies are
affected by adiabatic cooling as
(γe,f − 1)/(γe,i − 1) =
(
Rin + βcΓt
′
f/Rin + βcΓt
′
i
)−2(γad,e−1) ,
(γp,f − 1)/(γp,i − 1) =
(
Rin + βcΓt
′
f/Rin + βcΓt
′
i
)−2(γad,p−1) ,
Eγ,f/Eγ,i =
(
Rin + βcΓt
′
f/Rin + βcΓt
′
i
)−2/3
, (13)
where the subscript i/f denotes the initial/final value of the
physical quantity and γad,e/p = (4γe/p + 1)/(3γe/p) is the
electron/proton adiabatic index. This energy scaling with R
is valid as the radial width of the jet is fixed and the electron
density n′e decreases as R
−2.
• Coulomb collisions: The electrons are continuously
heated by the protons that carry most of the energy in
the jet. The electrons also interact with each other to
quickly attain thermal equilibrium that is given by a quasi-
Maxwellian distribution after every energy transfer event.
The proton-electron and electron-electron energy transfer
rates are (Schlickheiser 2002)
E˙e−p =
5× 10−19n′eβ2p,avg
8.3× 10−15T ′3/2e,avg + β3p,avg
,
E˙e−e =
5× 10−19n′eβ2e,avg
8.3× 10−15T ′3/2e,avg + β3e,avg
, (14)
where βp,avg, βe,avg and T
′
e,avg are number-averaged quan-
tities. This is valid as the electrons undergo Coulomb inter-
action with the average proton/electron distribution around
them and vice-versa. The expression for electron-electron
energy transfer rate E˙e−e is almost the same as the proton-
electron energy transfer rate E˙e−p except that βp,avg is re-
placed by βe,avg as the nature of the underlying interaction
is essentially the same.
The electron distribution is re-initialized to Maxwellian
distribution on a timescale t′e−e = (γe,avg−1)mec2/E˙e−e 
t′e−p. It should be noted that T
′
e,avg in equation (14) may
not always correspond to a Maxwellian distribution with
peak energy γe,avg, especially for large Nγ/Ne ∼ 105. How-
ever, the electron-electron and electron-proton interactions
are still described by equation (14) provided t′e−e is compa-
rable to t′IC such that the electrons attain a quasi-thermal
distribution very rapidly.
• IC scattering: As the average photon energy is much
smaller than that of the electrons, the photons continue
to scatter off of the electrons and gain energy until ei-
ther E′γ,avg ≈ (γe,avg − 1)mec2 or τ = 1. The distance s′
that a photon travels before scattering an electron is given
by the probability density p(s′) ∝ exp(−s′/l′mfp), where
l′mfp = 1/(n
′
eσT ) is the photon mean free path. Not all the
Ne electrons in the jet are equally likely to scatter the pho-
ton and the probability of scattering for a particular electron
with a photon is (see Bhattacharya et al. 2018, for details)
Psc(βe, θ
′
e) =
1
4piβ2e
(1− βecos θ′e), (15)
where βe is the electron speed divided by the speed of light
and θ′e is the angle between the electron and photon veloc-
ities before scattering occurs. The average number of scat-
terings that a photon experiences before it escapes the pho-
tosphere is ∼ 2τin (Begue et al. 2013).
• Pair production/annihilation: Due to the episodic
global dissipation events in the jet, the electrons are often ac-
celerated to highly relativistic energies with γe = γe,in ∼ 100
and can then scatter energetic photons with E′γ & 10 E′γ,peak
to energies & 4E′γ,avgγ2e ∼ mec2 ∼ 5×105 eV, before cooling
down rapidly to non-relativistic energies. For photons with
a fast-cooled synchrotron spectrum that we consider (see
equation 12), a considerable fraction ∼ 30% have sufficient
energy to generate electron-positron pairs and thereby in-
crease/decrease the electron/photon number in the jet con-
siderably. This can affect the output photon spectrum sig-
nificantly if the number of pairs created Ne−e+ is compara-
ble to Ne, by altering the photon to electron number ratio
Nγ/Ne, especially for large τin & 10 (see Appendix B, for
more details).
4.4 MCRaT code description
The photospheric MCRaT code is described in significant
detail in Bhattacharya et al. (2018), but here we describe
it briefly. Initially, travel distances (distance that each pho-
ton travels before scattering an electron) are drawn for all
photons depending on their mean free path and the photons
are propagated. The new positions of the photons in the
lab frame are evaluated to check if any photon escapes the
photosphere, in which case the energy in the lab frame is cal-
culated and stored. All other photons are stored in a priority
queue where the photons are ordered by increasing values of
travel distances. In the next step, the photon at the top of
the queue is propagated, a proton is randomly selected and
an electron is selected using the scattering probability, Psc.
The energies of the particles and photons are then updated
due to adiabatic cooling and Coulomb collisions. Next, the
outgoing velocities and energies of the photon and the elec-
tron are calculated if IC scattering occurs, provided the pho-
ton energy dependent scattering cross section is sufficiently
large.
Then the next photon in the queue is drawn and
electron-positron pair production cross section is evaluated.
If the cross section is large, a new electron and positron are
generated and the photons are not placed back in the queue.
If the positron number is non-zero, a positron is drawn ran-
domly and the pair annihilation cross section with the elec-
tron is calculated. Two new photons are created and added
to the queue if the cross section is significant. Again, as
initially, the photon at the top of the queue is propagated
with its travel distance to check if R > Rph. The photon is
collected as a part of the observed spectrum if it manages
to escape the photosphere, otherwise the method described
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Figure 1. MCRaT simulations showing the effect of Nrh at constant γe,in and for different τin, with input parameters: E
′
γ,peak = 2
eV, γe,in = 101, γp,in = 2, L = 10
52 erg/s and Γ = 300. The left-half panels show the output photon spectra for different τin values -
Top-left: τin = 10 and Nrh = 0/30/60/90, Center-left: τin = 20 and Nrh = 0/20/40/60, Bottom-left: τin = 40 and Nrh = 0/10/25/50.
The right-half panels show the evolution of electron energy over multiple scattering events for the corresponding cases - Top-right:
τin = 10 and Nrh = 0/30/60, Center-right: τin = 20 and Nrh = 0/20/40, Bottom-right: τin = 40 and Nrh = 0/10/25. The electron
kinetic energy spectra at the end of each simulation are also shown in the left-half panels. The right-half panels show the energy evolution
with scattering events for three different electrons that are selected randomly from our sample. The spikes in γe correspond to energy
injection/proton Coulomb collision/photon Comptonization events each resulting in a large energy transfer to the electron.
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above is repeated until a third of the total photons in the
jet escape and a time-averaged output photon spectrum is
obtained. In our MCRaT code, electron-photon scattering
events are performed one at a time and the particles are re-
accelerated to their initial distributions by dissipation events
that are evenly spaced within scattering events.
5 PHOTOSPHERIC SIMULATION RESULTS
In this section, we present the results of our photospheric
MCRaT simulations. The photon energy spectrum and the
electron kinetic energy spectrum are shown in the lab frame
at the end of each simulation in all the figures. We test
our code by performing code validation tests which we de-
scribe briefly here (see Bhattacharya et al. 2018, for more
details). First, we obtain the equilibrium distribution for
Blackbody photons with energy E′γ,in = 1000 eV scattering
Maxwellian electrons with γ′e,in = 1.001. The equilibrium
distribution at τin ∼ 500 for photons/electrons has energy
dependence fν ∝ ν3/fν ∝ ν2 at low energies and fν ∝ e−ν
at high energies (see left panel of Fig. 1 in Bhattacharya et
al. 2018). This is in very good agreement with the theoret-
ical prediction that the equilibrium distribution of photons
interacting with Maxwellian electrons at fixed energy ap-
proaches Bose-Einstein distribution with non-zero chemical
potential. Next, we perform MCRaT simulations with the
same input parameters as in Fig. 1 of Chhotray & Lazzati
(2015) for two different initial optical depths τin = 5, 75
and obtain good agreement with their results for both the
simulations (see Bhattacharya et al. 2018), which implies
that our MCRaT code is working as expected. The photon
and electron energy spectrum are Doppler boosted from the
jet-comoving frame to the lab frame in all the figures. The
electron kinetic energy spectra are peaked at significantly
larger energies compared to the photon spectra for all the
simulations as shown in the figures. In the rest of this pa-
per, we denote the low/high energy photon spectral index
by α/β and the observed photon peak energy by Eγ,obs.
In Figure 1, we present the simulation results with fixed
γe,in for four different values of Nrh and τin = 10, 20, 40. The
photon energy spectra are shown in the left-half panels while
the electron energies are tracked over scattering events for
the corresponding simulations and are shown in the right-
half panels. The seed photons/electrons/protons have peak
energies E′γ,peak = 2 eV/γe,in = 101/γp,in = 2.0 with
L = 1052 erg/s and Γ = 300 for all these simulations. We
find that for Nrh = 0, the photons in the output spectrum
have energy Eγ,avg  Eγ,obs ∼ 1 MeV with a significantly
harder high energy power-law tail fν ∝ ν−0.5 for all three
τin considered (see, also, Bhattacharya et al. 2018). This
is due to the fact that the electrons attain non-relativistic
energies γe,Comp  γe,crit very quickly (NComp ∼ 104 in
time tComp ∼ 10−2R/Γc tdyn) in the absence of repeated
dissipation events and cannot scatter photons to ∼ MeV
energies anymore. As Nrh increases, the fraction of pho-
tons with Eγ & 1 MeV increases significantly and the out-
put photon spectrum shows a distinct high energy power-
law dependence. We show the energy evolution over the
entire scattering history for three electrons that are cho-
sen randomly among Ne = 200 electrons in the jet. As op-
posed to the left-half panels that show the electron energy
spectra at the end of each simulation, the right-half pan-
els show the electron energy tracked after each scattering
event. As Nγ/Ne = 10
5 and the average number of scatter-
ings per photon is ∼ 2τin, the average number of scatterings
per electron is ∼ 2τin(Nγ/Ne) ∼ 106−7. We find that the
electrons spend most of their time at non-relativistic en-
ergies except when energy injection/proton Coulomb colli-
sion/photon Comptonization events occur which accelerate
them to relativistic energies. However, after each such event
the electron again cools down rapidly to non-relativistic en-
ergy once it transfers almost all its excess kinetic energy to
scatter a photon to ∼MeV energies.
For considerably larger values of Nrh, the photon spec-
trum peaks around 1−10 MeV, which is expected as the hot
electrons with γe & γe,crit can readily transfer their energy
to the photons. We find that β = −1.20/− 1.43/− 1.85 and
Eγ,peak = 8/5/2 MeV depend only on τin = 10/20/40 and
are roughly independent of Nrh. Eγ,peak decreases whereas
the high energy spectrum becomes steeper as τin increases,
which is due to significant energy loss from adiabatic cool-
ing. Eγ,peak is larger than Eγ,obs by a factor of ∼ 10 even
for large τin, suggesting excess energy transfer to the pho-
tons either due to large Γ or γe,in. It should be noted that α
increases with injected energy Einj = Nrh(γe,in − 1)mec2
and α ∼ αobs ∼ 0 is obtained only for some critical
energy Einj,cr(τin) as predicted by theory (see equation
11). From the simulation results, we obtain Einj,crit =
6000/4000/2500 mec
2 for τin = 10/20/40. The photon spec-
trum deviates from the observed Band spectrum both for
large Einj  Einj,cr (as Eγ,peak  Eobs) and large τin & 50
(as Eγ,peak  Eobs and |β| > |βobs|) due to adiabatic en-
ergy loss and geometrical broadening effects (Sunyaev &
Titarchuk 1980; Pozdnyakov et al. 1983).
In Figure 2, we present the simulation results for
fixed injected energies Einj,cr = Nrh,cr(γe,in − 1) mec2 =
6000/4000/2500 mec
2 at τin = 10/20/40 and different
γe,in = 3, 11, 101. The photons/protons are initialized with
E′γ,peak = 2 eV/γp,in = 1.1 with jet parameters, L =
1052 erg/s and Γ = 30. We see that α ∼ 0 is practically unaf-
fected by any decrease in electron energy γe,in (irrespective
of τin) and is solely determined by the critical injected en-
ergy Einj,cr(τin). As γe,in for a given Einj,cr increases, the
photons tend to have lower peak energy Eγ,peak and there
are fewer/more photons with Eγ ∼ 1−10 MeV/& 100 MeV.
This is expected as the electrons with γe,in = 101 are
accelerated much less frequently compared to those with
γe,in ∼ 3−11 and then subsequently cool down very rapidly
to non-relativistic γe after being considerably hotter for a
shorter duration ∼ 10−3 tdyn when they accelerate many
photons to Eγ & 100 MeV. The high energy bump in fν
and deviation from power-law behaviour for large γe,in is
seen only at moderate τin . 20 and is not appreciable for
larger τin & 40 as the high energy photons cool down rapidly
from adiabatic losses.
We find an increase in |β| with decrease in γe,in for a
fixed Einj,cr(τin) as well as with increase in τin. Moreover,
β ∼ βobs for γe,in ∼ few 10s − 100 and τin . 20 while
the high-energy spectrum is much steeper, fν ∝ ν−2 for
τin & 40, almost independent of Nrh. The photon energy
peak is much larger than Eγ,obs especially for smaller τin:
Eγ,peak/Eobs ∼ 5−10/2−5/1 for τin ∼ 10/20/40. While rel-
atively continuous energy injection (small γe,in ∼ few and
MNRAS 000, 1–17 (2019)
GRB prompt emission radiation mechanism 9
Figure 2. MCRaT simulations showing the effect of γe,in at constant Einj = Einj,cr(τin) and for different τin, with input param-
eters: E′γ,peak = 2 eV, γp,in = 1.1, L = 10
52 erg/s and Γ = 30. Top-left panel: τin = 10, Einj = 6000 mec
2 and (Nrh, γe,in) =
(60, 101)/(600, 11)/(3000, 3). Top-right panel: τin = 20, Einj = 4000 mec
2 and (Nrh, γe,in) = (40, 101)/(400, 11)/(2000, 3). Bottom
panel: τin = 40, Einj = 2500 mec
2 and (Nrh, γe,in) = (25, 101)/(250, 11)/(1250, 3).
large Nrh,cr ∼ few 1000s) results in steeper high energy
spectra |β| > |βobs| along with Eγ,peak/Eγ,obs & 10, episodic
energy injection (large γe,in ∼ 100 and small Nrh,cr ∼
few 10s) gives a high energy power-law spectrum consistent
with observations for moderate optical depths τin . 20. In
order to have both Eγ,peak ∼ 500 keV and |β| ∼ 1.2−1.5, the
particles and photons have to be initialized at τin ∼ 20− 40
and Einj,cr(τin) ∼ 2500 − 4000 mec2 energy needs to be
injected into electrons with γe,in ∼ few 10s.
In Figure 3, we present the simulation results for fixed
Nrh,cr(τin) = 40/25 at τin = 20 (Γ = 30)/40 (Γ = 100)
with different combinations of γe,in = 3, 11, 101 and γp,in =
1.01, 1.1. The seed photons have energy E′γ,peak = 2 eV with
jet luminosity L = 1051 erg/s. We can see that γp,in does
not affect the photon output spectra irrespective of the op-
tical depth, which is expected as the timescale at which the
electrons are heated due to Coulomb coliisions with pro-
tons t′e−p = (γe,avg − 1)mec2/E˙e−p is considerably longer
than the Comptonization timescale t′IC . A minimum elec-
tron energy γe & 11 is needed in order to have photons with
Eγ & 10 MeV and peak energy Eγ,peak ∼ 1 MeV for both
τin considered. The output photon spectrum does not show
a power-law dependence at both low and high energies when
the electron initial energy is small γe,in . 11. While the out-
put photon spectrum shows α ∼ αobs and Eγ,peak ∼ Eγ,obs
at both optical depths for electrons with γe,in = 101 only,
the high energy power-law spectral index |β|  |βobs| for
τin = 40 and ∼ |βobs| for τin = 20. It should also be noted
that the photon spectrum for γe,in = 3 looks very similar to
the γe,in = 101 and Nrh = 0 case in Figure 1 at both op-
tical depths. This further implies that Coulomb heating of
electrons is relatively inefficient and provides insufficient en-
ergy to the photons which is analogous to fewer dissipation
events occuring in the jet.
In the left panel of Figure 4, we show the simulation
results for fixed Einj,cr = 4000 mec
2 at τin = 20 and for
different combinations of luminosities L = 1051, 1052 erg/s
and jet bulk Lorentz factors Γ = 30, 100, 300. The
photons/electrons/protons are initialized with energies
E′γ,peak = 2 eV/γe,in = 101/γp,in = 1.1 at optical depth
τin = 20. While the jet luminosity L has no noticeable effect
on the output photon spectrum, increase in bulk Lorentz fac-
tor Γ shifts the photon peak energy to higher values. We find
that even though Γ does not affect α and β, it rescales pho-
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Figure 3. MCRaT simulations showing the effect of γp,in and γe,in for Nrh = 40 (τin = 20,Γ = 30) and Nrh = 25 (τin = 40,Γ = 100),
with input parameters: E′γ,peak = 2 eV and L = 10
51 erg/s. Left panel: Γ = 30, τin = 20, Nrh = 40: γp,in = (1.01, 1.1) and
γe,in = (3, 11, 101). Right panel: Γ = 100, τin = 40, Nrh = 25: γp,in = (1.01, 1.1) and γe,in = (3, 11, 101).
Figure 4. Left panel: MCRaT simulations showing the effect of L = (1051, 1052) erg/s and Γ = 30, 100, 300 for constant Nrh = 40,
γe,in = 101 and τin = 20. For these simulations, we consider input parameters E
′
γ,peak = 2 eV and γp,in = 1.1. Right panel: MCRaT
simulations showing the effect of E′γ,peak = 0.2, 2, 20 eV for Nrh = 40 (τin = 20,Γ = 30) and Nrh = 25 (τin = 40,Γ = 100). For these
simulations, we consider input parameters γe,in = 101, γp,in = 1.1 and L = 10
52 erg/s.
ton peak energy as Eγ,peak ∝ Γ. The output photon spec-
trum shows Eγ,peak ∼ Eγ,obs only for smaller Γ ∼ 30 values.
While larger Γ ∼ 100 can also reproduce Eγ,peak ∼ 500 keV
and α ∼ 0 at τin & 40 in agreement with the observations, it
cannot explain the observed high energy spectral index (see
right panel of Figure 3).
In the right panel of Figure 4, we show the sim-
ulation results for fixed Nrh,cr(τin) = 40/25 at τin =
20 (Γ = 30)/40 (Γ = 100) and different seed photon en-
ergies E′γ,peak = 0.2, 2, 20 eV. The electrons/protons are ini-
tialized with energies γe,in = 101/γp,in = 1.1 with jet lumi-
nosity L = 1052 erg/s. We find that for both Einj,cr(τin) =
2500 mec
2 and 4000 mec
2, the low/high energy spectral in-
dex α/β and the output photon peak energy Eγ,peak are
practically unaffected by the choice of E′γ,peak. However,
there is a noticeable difference in fν at very low energies
Eγ . ΓE′γ,peak for relatively small optical depths τin . 20.
The specific photon flux fν falls off considerably at energies
less than ΓE′γ,peak as most of the photons gain energy and
do not populate the low energy tail after getting scattered by
the electrons. For larger τin, the photons get scattered mul-
tiple times thereby increasing the probability of differential
number of scatterings before escaping the photosphere and
subsequent broadening of the spectrum. As a result, more
photons populate the low energy tail of the photon spec-
trum and the spectra with different initial energies ΓE′γ,peak
become indistinguishable for τin & 40. We discuss this geo-
metrical broadening effect in more detail in the next section.
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6 IC SPECTRA FOR REPEATED
SCATTERINGS
In the previous section, we obtained the output photon spec-
trum from MCRaT simulations by including physical pro-
cesses in the jet such as adiabatic cooling, Coulomb colli-
sions, IC and pair production/annihilation. Here, we will
assume that Comptonization is the dominant process influ-
encing the output photon spectrum to first evaluate the en-
ergy spectrum of synchrotron photons after they experience
single scattering with the electrons. Then we extend this
formalism to find the photon energy spectrum for the real-
istic case when they undergo repeated scatterings with the
electrons in the jet before exiting the photosphere. The en-
ergy distribution of the scattered photons depends mainly
on the incident photon spectrum and the electron energy
distribution.
6.1 Photon distribution after one scattering
For this calculation, we will consider electrons and inci-
dent photons with isotropic distributions in the jet-comoving
frame - in which case the scattered photons are also dis-
tributed isotropically in the comoving frame of the jet. For
simplicity, we only consider Thomson scattering in the rest
frame of the electron and assume that all scattering events
are elastic in nature.
For incident photons with energy  scattering off elec-
trons with energy γmec
2, the total scattered power per en-
ergy per volume is (Rybicki & Lightman 1979)
dE
dV dtd1
=
3
4
cσT
∫ ∞
1/4γ2
d
1
2
f()
∫ ∞
1
dγ
γ2
ne(γ)giso
(
1
4γ2
)
,
(16)
where, 1 is the scattered photon energy, f() is the photon
distribution function, ne(γ) is the electron distribution func-
tion and giso(x) =
2
3
(1−x) for isotropic photon distribution
in the jet-comoving frame. Here we consider the simple case
in which the incident photons have a synchrotron/piecewise
power-law energy distribution,
fin() = f0
{
(/0)
a,  < 0
(/0)
−b,  > 0
(17)
and the electrons are mono-energetic with ne(γ) = n0δ(γ −
γ0). For isotropic photons, equation (16) simplifies to
dE
dV dtd1
= 2cσTn0
∫ ∞
1/4γ
2
0
d

1
4γ20
f()
(
1− 1
4γ20
)
, (18)
where we have assumed that the electrons are relativistic
with γ0  1. Substituting x = 4γ20/1 yields
dE
dV dtd1
= 2cσTn0
∫ ∞
1
dx
x2
(
1− 1
x
)
f
(
1x
4γ20
)
. (19)
• For photons below peak energy: 1 < 4γ200 and we can
further define 1/4γ
2
0 = η0 with η < 1 to obtain
dE
dV dtd1
= 2cσTn0f0[
ηa
∫ 1/η
1
dx
x2
(
1− 1
x
)
xa + η−b
∫ ∞
1/η
dx
x2
(
1− 1
x
)
x−b
]
= 2cσTn0f0
[
ηa − η
1− a −
ηa − η2
2− a +
η
b+ 1
− η
2
b+ 2
]
. (20)
For low energy photons with η  1, if the incident photons
have a hard spectrum with 0 < a < 1, the scattered photon
distribution fsc(1) ∝ dE/(dV dtd1) ∝ ηa ∝ a1/(γ2a0 a0) is
the same as that of the incident photons. However, for a
softer low energy incident photon spectrum with a > 1 and
η  1, we obtain fsc(1) ∝ dE/(dV dtd1) ∝ 1. Therefore,
after single scattering of synchrotron photons with broken
power-law energy distribution, the low energy spectrum is
unaffected for hard spectra with a < 1 whereas fsc() ∝ 
for softer spectra.
• For photons above peak energy: 1 > 4γ200 and we define
η = 1/(4γ
2
00) > 1 as earlier to obtain
dE
dV dtd1
= 2cσTn0f0
∫ ∞
1
dx
x2
(
1− 1
x
)
(ηx)−b ∝ η−b
∝ −b1 /(γ−2b0 −b0 ), (21)
which is the same as the incident photon spectrum.
For fast cooled synchrotron photon spectrum, we have a = 2
and b = −1, and the scattered photon distribution after
single scattering is
f1() = fsc() ∝ f0
{
(/0)
1,  < 0
(/0)
−1,  > 0
(22)
In reality, however, each photon experiences ∼ 2τin scatter-
ings on an average before escaping the photosphere. Next, we
evaluate the photon spectrum for repeated electron-photon
scattering events assuming that the electron energy is held
constant i.e. for electrons at thermal equilibrium.
6.2 Photon distribution after repeated scatterings
With f1() as the incident photon distribution, we can now
extend the same formalism to calculate the photon spec-
trum after subsequent scattering events assuming that the
electron and photon distributions remain isotropic in the
jet-comoving frame.
• After two scatterings per photon
The low and the high energy spectrum after each photon
in the jet has undergone exactly two scatterings is
f2,l(1) = 2cσTn0f0
(
−ηlnη + 2
3
η2 − 1
2
η
)
∝ 1
4γ200
ln
(
1
4γ200
)
,
f2,u(1) = 2cσTn0f0
∫ ∞
1
dx
1
x2
(
1− 1
x
)
η−1x−1 ∝ γ200/1.
The scattered photon spectrum is then
f2() ∝ f0
{
(/0)ln(/0),  < 0
(/0)
−1,  > 0
(23)
• After three scatterings per photon
After each photon has undergone exactly three scatter-
ings, the low and high energy are given as
f3,l(1) = 2cσTn0f0[
1
2
η(lnη)2 − η(η + lnη)lnη +
(
2
3
+ lnη
)
η2 −
(
lnη +
1
2
)
η
]
∝ 1
4γ200
[
ln
(
1
4γ200
)]2
,
f3,u(1) = 2cσTn0f0
∫ ∞
1
dx
1
x2
(
1− 1
x
)
η−1x−1 ∝ γ200/1,
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Figure 5. Effect of geometrical broadening on the photon spectrum for increasing optical depth τin: Top-left panel: IC spectrum for
fast cooled synchrotron photons with energy 0 = 1 and mono-energetic electrons with constant energy γe,0 = 1.1, where the respective
energies are in units of mec2. Top-right panel: IC spectrum for the same photon seed and Maxwellian electrons with peak energy
γe,0 = 1.1. We define γe,0 for Maxwellian electrons in terms of the electron temperature T ′e,0 with kBT
′
e,0 = (γe,ad,0 − 1)(γe,0 − 1)mec2
(see Section 4.2). The solid green line, brown dashed line, blue dotted line and red dot-dashed lines are the scattered photon spectra
after N = 0, 1, 2 and 5 scatterings, respectively. Bottom panel: MCRaT simulations showing the effect of geometrical broadening on the
photon spectrum at τin = 1, 10, 20, 40 for (Nrh, γe,in) = (25, 101) and γp,in = 1.1. For these simulations, we consider input parameters
L = 1052 erg/s, E′γ,peak = 2 eV and Γ = 100.
and the scattered photon spectrum is
f3() ∝ f0
{
(/0) [ln(/0)]
2 ,  < 0
(/0)
−1,  > 0
(24)
• After N scatterings per photon
Using similar algebra, it can be shown that after four scat-
terings per photon, f4,l() ∝ (/0)[ln(/0)]3 and f4,u() ∝
(/0)
−1. We can generalize the above results further for
N ∼ 2τin scatterings per photon and write,
fN () ∝ f0
{
(/4γ200)
[
ln(/4γ200)
]N−1
,  < 0
(/4γ200)
−1,  > 0
(25)
In Figure 5, we show how the photon spectrum is af-
fected by Comptonization with electrons as τin and number
of scatterings increase. In the top-left/right panel, the IC
scattered photon spectrum for fast cooled synchrotron seed
photons (Equation 17, with a = 2 and b = −1) with en-
ergy 0 = mec
2 and mono-energetic/Maxwellian electrons
with peak energy γe,0 = 1.1 are shown for scattering orders
N = 0, 1, 2, 5. The peak energy γe,0 for Maxwellian electrons
is defined in terms of the electron temperature T ′e,0 in the jet-
comoving frame as kBT
′
e,0 = (γe,ad,0 − 1)(γe,0 − 1)mec2. As
predicted by equation (25), the photon spectrum becomes
gradually softer below peak energy as the scattering order
increases for both cases. While the high-energy spectrum
is power-law fν ∝ ν−1 irrespective of N for mono-energetic
electrons, fν ∝ e−ν at high energies for Maxwellian electrons
for larger N . This difference is expected as photons scat-
tering off Maxwellian electrons with fixed energy get ther-
malized at equilibrium to attain a high-energy exponential
tail for large optical depths/scatterings. It should be noted
that even though the nature of the photon spectrum differs
at high energies for these two cases, the qualitative effect
is very similar at low energies - gradual flattening of the
low-energy spectrum with increase in scattering order N .
This physical behaviour as predicted by equation (17) can
robustly explain the low-energy non-thermal behaviour of
the observed photon spectrum, even without other physical
processes such as adiabatic cooling, Coulomb collisions and
energy injection through dissipation events.
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In the bottom panel of Figure 5, we present the MCRaT
simulation results for Einj,cr = 2500 mec
2 and different
optical depths τin = 1, 10, 20, 40. The number of repeated
dissipation events in the jet are Nrh = 25 with initial
photon/electron/proton energy E′γ,peak = 2 eV/γe,in =
101/γp,in = 1.1 and jet parameters L = 10
52 erg/s and
Γ = 100. It should be noted that unlike the scattered pho-
ton spectra obtained from the analytical expression in equa-
tion (16) in the top two panels of Figure 5, the MCRaT
simulation results in the bottom panel include both electron
heating (Coulomb interaction and dissipation events) and
adiabatic cooling effects. With increase in scattering order
(∝ τin), the high energy photon spectrum becomes steeper
with a simultaneous decrease in Eγ,peak. These photons
then populate the low energy spectrum and extend the non-
thermal tail to energies much lower than Eγ,peak ∼ 0.2 keV.
The photon spectra from simulations are also considerably
broader compared to the analytical results for similar val-
ues of N . This is directly related to the fact that the photon
spectra obtained from MCRaT simulations are nothing but
the averaged scattered photon spectrum
favg() ∝
Nsc,max∑
K=0
P (Nsc = K)fK(), (26)
where, fK() given by equation (25) is the scattered photon
spectrum after exactly K scatterings for each photon and
P (Nsc = K) is the probability for a photon to get scattered
exactly K times which is given by (Pozdnyakov et al. 1983;
Sunyaev & Titarchuk 1980),
P (Nsc = K) ∝

Nsc,avg
K3/2
exp
(
− 3Nsc,avg
4K
)
, K < Nsc,avg
1
Nsc,avg
exp
[
− Kpi2
3Nsc,avg
]
, K > Nsc,avg
(27)
Here, Nsc,avg ∼ 2τin is the average number of scatterings
per photon at an optical depth τin. While the probability of
a particular photon getting scattered much larger or much
smaller number of times compared to Nsc,avg reduces expo-
nentially, there can still be considerable contribution from
different scattering orders leading to significant broadening
of the photon spectrum.
6.3 Photon spectrum due to unsaturated
Comptonization
Here we consider the situation when Comptonization is im-
portant but the photon spectrum does not saturate to the
equilibrium Wien distribution for the majority of the pho-
tons in the jet as the electrons cannot supply sufficient en-
ergy due to their small T ′e. In the absence of a photon source
other than the fast-cooled electrons accelerated close to the
central engine, the time evolution of the isotropic photon
phase space density n() due to scattering from electrons
can be estimated with the Boltzmann equation (Rybicki &
Lightman 1979)
1
c
∂n()
∂t
=
∫
d3p
∫
dΩ
dσ
dΩ
[fe(p1)n(1)(1 + n())
−fe(p)n()(1 + n(1))], (28)
where dσ/dΩ is the scattering cross-section, p/p1 is the
incident/scattered electron momentum, /1 is the inci-
dent/scattered photon energy and fe(p) is the phase space
density of non-relativistic thermal electrons. As the frac-
tional energy transfer per scattering is considerably small
with ∆ = (1−)/kT ′e  1 for non-relativistic electrons, the
Boltzmann equation can be expanded to second order in ∆
using
n(1) ≈ n() + kT ′e∆∂n
∂
+
1
2
(kT ′e∆)
2 ∂
2n
∂2
,
fe(E1) ≈ fe(E) + kT ′e∆∂fe
∂E
+
1
2
(kT ′e∆)
2 ∂
2fe
∂E2
,
where E = p2/2me is the electron energy. Substituting the
Taylor expansions of n(1) and fe(E1) into the Boltzmann
equation, and further assuming elastic scattering simplifies
equation (28) to
4n
y
=
(

kT ′e
)2 [
(kT ′e)
2 ∂
2n
∂2
+ kT ′e
∂n
∂
]
+ 4
(

kT ′e
)[
kT ′e
∂n
∂
+ n
]
. (29)
Here we have ignored the stimulated emission term and used
y = (4kT ′e/mec
2)τin as the Compton-Y parameter.
For very large photon energies /kT ′e  1, the photon
spectrum falls off exponentially with n() ∝ exp(−/kT ′e)
being an approximate solution to equation (29). However,
y & 1 can still be sufficient in order to populate the power-
law photon spectrum n() ∝ −1 just above the peak en-
ergy peak before the electrons rapidly cool down to non-
relativistic energies ∼ γe,Comp (Santana et al. 2016). For
considerably smaller photon energies /kT ′e  1, the recoil
term n can be neglected in comparison to the upscattering
term kT ′e∂n/∂x and the general solution is then power-law
n() ∝ (/kT ′e)p with
p = −
(
1.5 +

2kT ′e
)
±
√(
1.5 +

2kT ′e
)2
+
mec2
kT ′e
1
τin
.
While the larger (smaller) root is appropriate for y  1
(y  1), a linear combination of both is valid for y ∼ 1. In
the presence of dissipation events occurring in the jet, T ′e is
elevated by a factor ξ = [1 + (t′dyn/t
′
diss)− (t′dyn/t′IC)]α for
α > 0, with t′diss ≈ t′dyn/Nrh being the characteristic energy
dissipation timescale. As expected, T ′e increases (decreases)
with a reduction in t′diss (t
′
IC) and is unaffected by dissipa-
tion for t′diss ≈ t′IC . To obtain fν ∝ ν0 for photon energies
below peak, we need to have n() ∝ (/kT ′e)−3. In order to
satisfy this criterion, we require
kT ′e
mec2
[
1 +
(
t′dyn
t′diss
− t
′
dyn
t′IC
)]α
τin  1
As kT ′e/mec
2 ∼ 1 for non-relativistic electrons and τin ∼
few − 10, this implies (t′dyn/t′diss − t′dyn/t′IC) 1 that is
Nrh
(
1− t
′
dyn
Nrht′IC
)
 1.
Therefore, a flat non-thermal photon spectrum can be ob-
tained at low energies for sufficiently large Nrh & 10 as
t′dyn ≈ t′IC once the electrons cool down to energies ∼
γe,Comp. From the evolution of γe with scattering order as
shown in the right-half panels of Figure 1, we know that the
electrons rapidly cool down to sub-relativistic energies even
in the presence of repeated energy dissipation events.
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Figure 6. MCRaT simulations showing the effect of Nγ/Ne =
107/102, 107/103, 107/104 for constant Nrh = 40, γe,in = 101
and τin = 20. For these simulations, we consider input parameters
γp,in = 1.1, L = 10
52 erg/s, E′γ,peak = 2 eV and Γ = 30.
7 DISCUSSIONS AND CONCLUSIONS
In this paper, we explored the photospheric emission model
in detail to better understand the GRB prompt emission
radiation mechanism. The primary objective was to uti-
lize our MCRaT photospheric code to explain the distinct
non-thermal behaviour of the prompt emission spectrum,
fν ∝ ν0/fν ∝ ν−1.2 at low/high photon energies along
with observed peak energy at Eγ,peak ∼ 300 MeV. For all
our simulations, we have considered Comptonization of fast
cooled synchrotron photons with Maxwellian electrons and
for photon to electron number ratio Nγ/Ne ∼ 105, consis-
tent with observed radiation efficiency. The electrons in the
jet are accelerated and maintained at certain critical energy
by two different mechanisms: 1. continuous energy transfer
via Coulomb collisions with mono-energetic seed protons, 2.
repeated episodic energy dissipation events that are equally
spaced over scatterings and accelerate electrons and protons
back to their initial energies.
In order to scatter synchrotron seed photons with en-
ergy ΓE′γ,peak . 1 keV to energies Eγ,obs & 300 keV and
populate the high energy power-law tail with fν ∝ ν−1.2,
the electron kinetic energy during jet expansion should at
least be larger than the energy requirement of the pho-
tons. While the initial kinetic energy of the electrons is
(γe,in − 1)mec2, the protons transfer part of their kinetic
energy ∼ (t′dyn/t′Coul)(γp,in − 1)mpc2 to the electrons and
the sub-photospheric dissipation events inject an additional
energy Einj ∼ Nrh(γe,in − 1)mec2 into the electrons until
the outflow becomes so optically thin that the photons can
escape through the photosphere. As the photons experience
roughly ∼ τint′dyn/t′IC scatterings before escaping and the
jet is charge neutral (Ne = Np),
Nγ
Ne
E′γ,avg ≈[
t′dyn
t′Coul
(γp,in − 1)mpc2 +Nrh(γe,in − 1)mec2
]
τint
′
dyn
t′IC
, (30)
where we assume that the timescales are roughly constant
once the electrons and protons attain their equilibrium en-
Figure 7. MCRaT simulation results with the best set of pa-
rameters for a jet with Nγ/Ne = 105. The relativistic jet with
L = 1052 erg/s has photons with E′γ,peak = 2 eV and pro-
tons with γp,in = 1.1. The energy injection necessary in order
to produce an output photon spectrum with the observed Band-
like spectral properties depends on τin and Γ. Here we consider
Einj = 4000/2500 mec
2 for Γ = 30/100 and τin = 20/40, for two
distinct electron energies γe,in = (11, 41)/(51, 101).
ergies. In Figure 6, we present the simulation results for
Nrh,cr = 40 at τin = 20 for different photon to elec-
tron number ratios Nγ/Ne = 10
7/104, 107/103, 107/102.
The photons/electrons/protons are initialized with energies
E′γ,peak = 2 eV/γe,in = 101/γp,in = 1.1 for jet parameters
L = 1052 erg/s and Γ = 30. We find that Eγ,peak shifts
to larger energies & 1 MeV and photons have more energy
on average as the number ratio Nγ/Ne decreases. This is ex-
pected from equation (30) as more electrons for a given pho-
ton number means larger energy injection into the photons
for similar jet parameters. Moreover, it is easier to scatter
photons to very large energies and extend the power-law tail
fν ∝ ν−1.2 to few 100 MeV energies even without episodic
energy injection events in the jet (Santana et al. 2016; Bhat-
tacharya et al. 2018). As Einj,tot ∝ Nrh,critNe(γe,in − 1),
the observed low energy spectral index αobs ∼ 0 may also
be achieved with either smaller Nrh,crit or smaller γe,in for
smaller number ratios Nγ/Ne and with considerable geomet-
rical broadening for large τin. However, previous MCRaT
photospheric simulations with relatively smaller Nγ/Ne ∼
101 − 104 could not successfully explain the flat low energy
photon spectrum (Lazzati & Begelman 2010; Chhotray &
Lazzati 2015).
In Section 5, we studied in detail the effect of jet pa-
rameters and particle energies on the output photon spec-
trum. The parameters that significantly affect the spec-
tral properties for a given Nγ/Ne are Einj(γe,in, Nrh), Γ
and τin. In Figure 7, we present the simulation results
for the most probable set of parameters that gives out-
put photon spectrum with (α, β,Eγ,peak) very similar to
the observed GRB prompt emission spectrum. The pho-
tons/protons in these simulations are initialized with en-
ergies E′γ,peak = 2 eV/γp,in = 1.1 for jet parameters
L = 1052 erg/s, Nγ/Ne = 10
5 and Γ ∼ 30 − 100. The par-
ticles are injected with energy Einj,cr ∼ 2500 − 4000 mec2
per electron for a range of optical depth τin ∼ 20− 40. For
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smaller optical depths τin ∼ 20 and jet bulk Lorentz factor
Γ ∼ 30, (α, β,Eγ,peak) ∼ (0,−1.4, 1 MeV) is obtained with
Einj,cr ∼ 4000 mec2 and γe,in & 40. Although α ∼ 0 and
Eγ,peak ∼ 500 keV for Einj,cr ∼ 2500mec2 at larger τin ∼ 40
and Γ ∼ 100, the high energy spectrum is significantly
steeper than the observed prompt spectrum with β ∼ −2.1,
especially for γe,in . 50. For a fixed Einj,cr(τin), while β
spans a broader range with variation in γe,in ∼ 10 − 40 at
smaller τin ∼ 20, it is relatively independent of γe,in for
larger τin ∼ 40. This is in perfect agreement with the the-
oretical predictions of the photospheric emission model as
the shape of the output photon spectrum is almost entirely
determined by the number of scatterings (∝ τin) with the
initial particle energies becoming progressively unimportant
in the limit of large optical depths.
Here we summarize the main results of this work:
(i) The electrons cool down very rapidly to non-
relativistic energies (NComp ∼ 104, t ∼ 10−2 tdyn) in
the absence of any external dissipation events. As tIC .
tCoul  tdyn, the electrons attain equilibrium with energy
γe ∼ γe,eq  γe,crit after ∼ NComp scatterings and cannot
scatter the bulk of the photons to ∼ MeV energies. This
entails energy injection into the jet particles via either (con-
tinuous) super-efficient Coulomb collisions or (episodic) sub-
photospheric dissipation events. However, for the Coulomb
heating efficiencies necessary, the protons lose a consider-
able fraction of their energy within jet expansion timescales
∼ tdyn, for τin & 10, to attain non-relativistic energies com-
parable to that of the electrons. As a result, continuous en-
ergy injection by protons is not sufficient to maintain elec-
trons at γe ∼ γe,crit and produce the observed photon spec-
trum, especially for larger optical depths.
(ii) The required energy injection can rather be achieved
with episodic sub-photospheric dissipation events through
a variety of mechanisms such as internal shocks, magnetic
reconnections, neutron-proton collisions, etc. These events
can keep the electrons at energies γe & γe,crit provided that
they are sufficiently energetic and frequent. We find that a
Einj − τin correlation is essential for the electrons to scat-
ter the jet photons to observed energies Eγ,obs: for large
Einj , the photon peak energy Eγ,peak  Eγ,obs ∼ 300 keV,
while for large τin, Eγ,peak  Eγ,obs due to significant adia-
batic loss. While this is a necessary condition to determine
the average photon energy in the observed spectrum, it is
not sufficient to constrain its general non-thermal shape.
From MCRaT simulations, we quantify the Einj − τin cor-
relation: Einj,cr = 6000/4000/2500 mec
2 per electron for
τin = 10/20/40 to determine the effect of energy injection
on the Comptonized output photon spectra.
(iii) In the output photon spectrum, α critically de-
pends on Einj whereas β and Eγ,peak are almost entirely
determined by τin (independent of Nrh). With an increase
in τin, Eγ,peak decreases and the high-energy photon spec-
trum becomes steeper. Additionally, |β| also increases with
decrease in initial electron energy γe,in for fixed Einj,cr =
Nrh,cr(γe,in − 1) mec2. In order to have Eγ,peak ∼ Eγ,obs
and |β| ∼ |β|obs, particles and photons need to be initial-
ized at τin ∼ 20 − 40 and injected with energy Einj,cr ∼
2500− 4000 mec2 for γe,in ∼ few 10s. Initial proton energy
γp,in does not influence photon spectrum irrespective of τin
- which is expected as electron heating timescale  tIC .
The jet luminosity L has no appreciable effect on the pho-
ton spectrum whereas photon peak energy scales directly
with the jet bulk Lorentz factor, Eγ,peak ∝ Γ. We find that
Eγ,peak ∼ Eγ,obs only for smaller Γ ∼ 30 - while larger
Γ ∼ 100 gives Eγ,peak ∼ 500 keV at τin ∼ 40, the high en-
ergy photon spectrum is considerably steeper than observed.
The seed photon energy Eseedγ,peak is relatively unimportant
and only affects observed photon flux fν for very low ener-
gies at smaller τin . 20.
(iv) For isotropic electrons scattering isotropic photons,
the scattered photon energy distribution is isotropic and
can be analytically evaluated for lower order scatterings
and for a given electron and photon energy distribution.
We show that a non-thermal photon spectrum with α ∼ 0
and β ∼ −1 is obtained for mono-energetic electrons scat-
tering fast cooled synchrotron photons at moderate optical
depths. For Comptonization of synchrotron photons with
Maxwellian electrons, α ∼ 0 behaviour is retained at low
energies whereas fν ∝ e−ν at high energies. The output
photon spectrum is essentially the scattered photon spectra
averaged with the relevant scattering probability distribu-
tion. Qualitatively, the low-energy non-thermal dependence
α ∼ 0 is obtained from multiple scatterings and subsequent
geometrical broadening of the spectrum whereas the high-
energy power-law dependence is primarily attributed to re-
peated episodic and continuous energy injection events in
the relativistic jet.
(v) The spectral parameters (α, β,Eγ,peak) of the ob-
served GRB prompt emission spectrum can be robustly
explained with: sub-photospheric Comptonization of fast
cooled synchrotron photons while electrons and protons are
accelerated to relativistic energies due to repeated dissipa-
tion events. Sub-relativistic protons continuously heat up
the electrons via Coulomb collisions in a relativistic jet with
Γ ∼ 30, L ∼ 1052 erg/s and Nγ/Ne ∼ 105. The seed
synchrotron photons/Maxwellian electrons/mono-energetic
protons are injected at moderate optical depths τin ∼ 20
with energies E′γ,peak ∼ 2 eV/γe,in ∼ 50/γp,in ∼ 1.1.
The jet particles are episodically accelerated by dissipation
events that are equally spaced over scatterings and inject
energy Einj,cr ∼ 4000 mec2. We find that both low and
high-energy non-thermal observed spectra (α, β,Eγ,peak) ∼
(0,−1.4, 1 MeV) are obtained for smaller optical depths
τin ∼ 20 and Γ ∼ 30 when electrons with energy γe,in &
40 are injected with Einj,cr ∼ 4000 mec2. However, for
larger τin ∼ 40 and Γ ∼ 100, even though α ∼ 0 and
Eγ,peak ∼ 500 keV, the high-energy spectrum is consider-
ably steeper with |β| ∼ 2.1 > |β|obs for γe,in . 50 and
Einj,cr ∼ 2500 mec2.
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APPENDIX A: PAIR PRODUCTION AND
ANNIHILATION ALGORITHM
In this Appendix, we describe the algorithm that we im-
plement for pair production and annihilation processes in
the jet. All random numbers are drawn from the uniform
distribution in the interval 0 to 1. Bold-faced characters de-
note vectors and xˆ, yˆ, zˆ are the unit vectors in Cartesian
coordinates.
A1 Pair production
The photons are stored in a priority queue ordered by in-
creasing values of travel distances and before every scatter-
ing event the photon at the top of this queue with energy
E′γ,1 and direction Ω
′
1 = (Ω
′
1,1,Ω
′
2,1,Ω
′
3,1) is propagated.
The random direction Ω′ for a photon is initialized using
the algorithm described in Appendix C1 of Santana et al.
(2016). For pair production, after each scattering event the
energy E′γ,2 and direction Ω
′
2 = (Ω
′
1,2,Ω
′
2,2,Ω
′
3,2) of the sec-
ond photon in the priority queue is also extracted. The pair
production cross section is (Pozdnyakov et al. 1983),
σγγ =
3
8
σT
y2[(
2 +
2
y2
− 1
y4
)
ln(y +
√
y2 − 1)−
(
1 +
1
y2
)(
1− 1
y2
)1/2]
, (A1)
where, y2 = 0.5(E′γ,1/mec
2)(E′γ,2/mec
2)(1 − cos θ) is a di-
mensionless energy parameter and θ = Ω′1,1Ω
′
1,2 +Ω
′
2,1Ω
′
2,2 +
Ω′3,1Ω
′
3,2 is the angle between the incoming photons.
To determine whether pair production event will oc-
cur, we draw a random number ξp. Pair production from
the selected photons takes place only if ξp 6 σγγ/σT is sat-
isfied. After every such event, an electron and a positron
are generated and the photons are not pushed back to the
priority queue. Next we draw a random number ξpE to cal-
culate the energies of the outgoing electron and positron
with the expressions: γe = (ξpE/mec
2)(E′γ,1 + E
′
γ,2) and
γpos = ((1 − ξpE)/mec2)(E′γ,1 + E′γ,2). The direction of the
outgoing electron is evaluated from random numbers ξ1v and
ξ2v as
v′3,e = 2ξ1v − 1,
v′2,e =
√
1− v′23,e sin(2piξ2v),
v′1,e =
√
1− v′23,e cos(2piξ2v).
The momentum of the electron is p′e = γemeβec (v
′
1,exˆ +
v′2,eyˆ + v
′
3,ezˆ). The momentum of the outgoing positron,
p′pos = γposmeβposc (v
′
1,posxˆ+ v
′
2,posyˆ+ v
′
3,poszˆ), is obtained
using conservation of momentum in each direction with the
expression
v′i,pos =
(E′γ,1/c)Ω
′
i,1 + (E
′
γ,2/c)Ω
′
i,2 − γemeβecv′i,e
γposmeβposc
,
where the index i = 1, 2, 3 denotes the component of the
electron/photon direction vector.
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A2 Pair annihilation
The positrons generated from the pair production events are
stored in an array with their energies and directions. After
a scattering event occurs, if the number of positrons in this
array is non-zero, a positron with energy γpos and direc-
tion (v′1,pos, v
′
2,pos, v
′
3,pos) is randomly selected for the anni-
hilation process. An electron with energy γe and direction
(v′1,e, v
′
2,e, v
′
3,e) is drawn independently for scattering with
photon based on its scattering probability. Next we evaluate
the Lorentz factor of the positron in the comoving frame of
the electron, γr = (γpos − γe)/(1− γposγe/c2). The pair an-
nihilation cross section can be evaluated as (see Pozdnyakov
et al. 1983)
σa(γr) =
pir2e
(γr + 1)[(
γ2r + 4γr + 1
γ2r − 1
)
ln(γr +
√
γ2r − 1)− γr + 3√
γ2r − 1
]
. (A2)
A random number ζa is then drawn and pair annihilation
event occurs only if ζa 6 σa/σT is satisfied.
Two outgoing photons are generated from the selected
electron and positron after every pair annihilation event. In
order to determine the energies of the outgoing photons, we
draw a random number ζaE and assign their energies to be:
E′γ,1 = ζaEmec
2(γe + γpos) and E
′
γ,2 = (1− ζaE)mec2(γe +
γpos). The direction of the first photon (Ω
′
1,1,Ω
′
2,1,Ω
′
3,1) is
fixed with random numbers ζ1v and ζ2v
Ω′3,1 = 2ζ1v − 1,
Ω′2,1 =
√
1− Ω′23,1 sin(2piζ2v),
Ω′1,1 =
√
1− Ω′23,1 cos(2piζ2v),
and its momentum is p′γ,1 = (E
′
γ,1/c)(Ω
′
1,1xˆ + Ω
′
2,1yˆ +
Ω′3,1zˆ). The momentum of the second photon p
′
γ,2 =
(E′γ,2/c)(Ω
′
1,2xˆ + Ω
′
2,2yˆ + Ω
′
3,2zˆ) is obtained from momen-
tum conservation in each direction
Ω′j,2 =
(γeβemec
2v′j,e + γposβposmec
2v′j,pos − E′γ,1Ω′j,1)
E′γ,2
, (A3)
where the index j = 1, 2, 3 denotes the component of the
photon direction vector.
APPENDIX B: PAIR NUMBER DENSITY AT
EQUILIBRIUM
In this Appendix, we estimate the number of electron-
positron pairs when the pair production and annihilation
processes reach equilibrium and compare it with the total
number of electrons present initially in the jet. We first cal-
culate the number of photons with sufficient energy in the
lab frame in order to generate pairs, Eγ,pair ∼ Γmec2 ∼
1.5 × 104 keV (for Γ = 30). The number of photons within
a given energy range (E′a, E
′
b) can be written in terms of
the specific photon flux fν as, Nγ = A
∫ E′b
E′a
(fν/ν)dν. Here
A is a normalization constant that is determined from the
total photon number Nγ,tot = 2 × 107 as well as the shape
of the photon spectrum. For a typical photon spectrum as
shown in Figure 7, the minimum, peak, pair production
and maximum photon energies in the jet-comoving frame
are E′γ,min ∼ 3.33 × 10−3 keV, E′γ,peak ∼ 3.33 × 101 keV,
E′γ,pair ∼ 5.00× 102 keV and E′γ,max ∼ 1.67× 104 keV, re-
spectively. As fν ∝ ν0 for Eγ < Eγ,peak and fν ∝ ν−1.35 for
Eγ > Eγ,peak from Figure 7, the normalization factor A =
2.17×106 for Nγ,tot = 2×107. The number of photons with
sufficient energy required to produce pairs is then found to
be, Nγ,pair = (2.17×106)
∫ E′γ,max
E′γ,pair
(ν−1.35/ν)dν ≈ 3.62×102.
The pair production optical depth is, τγγ ∼
(Nγ,pairσγγ,avg)/(4piR
2), where the average pair pro-
duction cross section σγγ,avg =
∫ ymax
ymin
σγγ(y)(fy/y)dy
/∫ ymax
ymin
(fy/y)dy for σγγ given by Equation A1. While ymin =
1 and ymax ∼ (1/
√
2)(E′γ,max/mec
2) ∼ 25 for photon spec-
trum with fy ∼ y−1.35, 〈cos θ = 0〉 for photons with
isotropic distribution in the jet-comoving frame. Substi-
tuting these and performing the integral gives σγγ,avg ≈
0.168σT and pair production optical depth is
τγγ =
Nγ,pairσγγ,avg
4piR2
=
(
Nγ,pair
Ne,tot
)
× 0.168τe ≈ 0.304τe, (B1)
where Ne,tot is the total electron number in the jet and τe =
(Ne,totσT )/(4piR
2) is the electron scattering optical depth.
Similarly, the pair annihilation optical depth can be written
as
τe−e+ =
Ne−e+σa
4piR2
≈ 3
8
Ne−e+
Ne,tot
τe
βe
, (B2)
where Ne−e+ is the number of pairs in the jet and σa ≈
(3/8)(σT /βe) is the asymptotic pair annihilation cross sec-
tion for sub-relativistic electrons. As the pair production and
annihilation rates match at equilibrium τγγc = τe−e+βec,
which further gives
Ne−e+ =
8
3
σγγ,avg
σT
Nγ,pair ≈ 0.8Ne,tot.
Therefore, the number of electron-positron pairs in the jet is
approximately equal to the electrons initially present in the
jet. As the Comptonized output photon spectrum can get
affected by the increase in electron number density in the jet,
particularly at large values of optical depth, it is important
to consider pair processes for our MCRaT simulations.
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